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tilt(ing)
⑤ 1. Introduction

5 2. Perfectoid towers

53
. Tilting correspondences.

51

What is "tilting correspondence" ?

"perfectoid objects" tilting "perfectbid) objects"
us

of mixed char. of positive char.

↓ to
comparison

invariants [ > invariants

↓
Applications



fields
GKEGb

Perfectoid

I
k =RF) me K= #(T)(+b)

Il X= Spa(k, () mX"= Spa(k
,
(

,3)
spaces XetXet Applications :

p-adic Hodge theory
-

I A = <p[pEo] my AS= FITICTio]
Sring

Perfolia - PerfoliAb DirecI summand conj.
BZM conj.

Il

towers
<Ri = (p(pi])oM(R= FpT][T]hizo

Today Future work.



Toy model of applications of tilting :

Prop 1
. 1 A = copy
# Hot (Spect

,

*/x) = 0 for Yg > 1
.

-
· We

may replace A by A= FpITD [+FO]
because

H+ (SpecA , 4/px) = Het (SpecA, 4/px)
Then we only have to use the Artin-Schreier seg.
0-4/D)F- > Ga+ 0 : exact inecflet

↑

(small) stale topos
I



52 Fix a prime number P

Def 2
. 1 (Ishiro-Nakazato-Shimomoto)

R : comm
. ring

A perfectoid tower arising from (R, P)
is an inductive system of rings

GRihizo : Ro+ R
, +...RisRit

st. a Ro=R

b Fiz0
, ty : Rip , Ritp is ing.

c Fizo
&

Rit Eb, Ritp

E
P

ith Frobenius projection
d Viz0

,
#i is surj

e Vizo
, Perad(Ri)

(e.g ., Ri is pradically complete)
- EWER

, with EPR
,
= PR

,

& Ker (Fil = w .RitFiz o



& Fizo
,
P . (Rilp-tor= (0)

&

where (Rilp-tor :=U10i
&(itip-tor (Rita
El A ~ Fi

(Rilp-tor <Rip
Ex 2

.

2
Ri : = Ep[P]

4p[pi], Cp[pet]
P

~ ↑

Ep[ppin]
4
...[p]

P

Ex 2
.
3 R : /reduced) #p-alg.

Rity Erby Rith
Then
E Rite (ri

Ri

.. [Rilizo (RRR)
perfect tower



Def 2
.4 (Rilizo : perfd .

tower
arising

from R
.

R in (RiFi RitcRitu
Ith small tilt

RR
->

hiFility-Rib

: SR/Yizo is a perfectloid) tower
.

Ex 2
.

5
Ri=[p] E 4p[t]

Jo (T - P)

RipE FpCt]
(T)

#p[T]
Spity
E
, Fp[T]
(+Pi+1)

T

NTH+P

can

~ Fp[T]
: RE" = FpLTT

(+Pi)

EFI = FpITD[i]



Further constructions :

E Frob
.
lift (Ishizuka

,

Ishiro-Shimomoto)
affine semigp rings EpIHD FpITBIH]

Ep(t?+3] #p[T]It?,t3]

boy regular [p[x ,8 ,z] #p[T,32,%,z]

&regular
(2 - pz)

m)(y-Tz)
&

↑- StanleyReisner rings EpLoD Fp14]
Ep[ ,2] Ep(T,

>
,7]

(Px , Py) (Tx ,+])
· Andreatta-Faltings' const.

(H . -Ishiro-Shimanoto)
· (Weakly) stale base change (H . )
· Modification in char

.
P

.
(H

.)

R3S
S admits a perful tower

~
P.
S.

v

1) so does R
.

#
+

<R1 > 1 p/red



5 3 . [Rilizo : a perfe .

Tower arising from R .

Thm3
.

1 (Ishin-Nakazato-Shimomoto)

Ker (p5. 3 ProRp) = (Eps.b)
Moreover,

& RSS E , Rip
- 11

2 (Rh)ps. (Rilpator

Rem3
.

2 R is poradically complete .

Prop 3 .

3 Viz o

DRi is local E)R is local

2 R+ is Noetherian #) RS is Noetherian
3 Ri + Rit is finite [TRS-R is finite

(7) RE is F-finite)In & and B,
"El" holds if Ri is pradically complete.

: Use Thm3
.

1 do and completeness.



Say Ri is p-tursion free

if (Rilp-to = 0

=) 4 - N2D(Ri))
↓Thm3 .

1 &,

Ri is p-torsion free E)R is p-tursion free

: In this case
,
Ri is IME) RF is 2M

.

Gur
.(c) (i)

In the general case
,
the following is useful.

Thm 3
.

5 (H . /

& E :=
Ri Cilp-tw :zo ,

4**PR) realize
are perfectloid) towers .

Moreover
,

the diagram of rings
Ri > Ei

W L

(Riplied ( (Eiplred
is cartesian

.



Ex 3
.

6 Ep[,z]
> Ep

(P>, P2)
p. b

.

W

#p(x,y]) > Yp

RE > Ex (Rplred
pled

&
-(b

RsEs Pb x (Rpred
-

(& p/red

Cor3
.

7 Ri : Noeth
,

local

#) dim Ri = dim Reb

·

i dimRi = max(dimFi
,

dim (Riplred)
Il

dimRs = max /dimFib
, dim Piplea)

/



Thm3
.

8 (Koszul honology
D2 = P, T22

,

"

, id < R
:

D()= psb
,
x,..,39 cRs

: identified under Thm3
.

1 &
= K

.
(D2 ; Ri)= K

.
(D25b ; RS) in D(Ab)

· Using exact triangles,
K

.
(p ;Ri) < K

.
(x;Ri)OK

.
(p ;Rip) > K(x;Rip) - s

1.(E;RE) > K
.
(253;RS) K.(2;Rip) +> K.( ;Rip) - >

are can reduce to the p-tursion free case
.

Then K
.
( ;R)
*
> K

.
('iR p)
M

E

K
.
(5b ; 453) Ec 1

.
(D2531; R5ps.b)
/

Cor3
.
9 Ri : Noeth. local

# depth Ri = depthRib
.. Ri is 2ME)R is 2M

.

· By "depth sensitivity"! I



Ex 3
.

10 : a simplicial <pX.

-> Stanley-Reisner ring
Ep

,

:

;72n]
[p[t] =

Then square
f
a

*p(6] :=
Ep[x]

is IM
((- P)

E Fp[x] is IM
.

↑
One can apply
Reisner's criterion

.



Thm 3
.
11 Ri

,
Rit : Noeth

.

local

TFAE

& Ri is regular .
DSb R& is regular
2 Ri+Rit is flat

.

25.3 R >Ri is flat
.

: 2E) 2 :

Use Thm 3
.

5 to reduce to the p-turf. case
,

and apply the local criterion of flatness.
DE) 25 : By Kunz's thm

.

DES 2 : By 2 E) DS3
,

WMA Rix : p-tort.

Then we are reduced to prove the following//
Thm 3

.

12 (Gabber-Lurie)
(R

,m) : Noeth ,

local with PEM
=

MENZD(R) st . PETPR
.

Then R is regular E) 4 : R/+R/P is flat.
OHxP



Thm 3
.

13 (Etale cohomology)
Assume R : pradically herselian
G : torsion abel

. Sp .

Spec(R) ( V(p) < -- < Spec(R)
↑ open

Spec(s)(V(ps3) (EsbcSpecs
# RTe+ (t,G)ERTe+ (ESS,G)

SpecIR) SpecIRA) SpecIshpsb)
specIRS

u =
D

z

· Following Cesnavicius - Scholze's prof
in the case of perfectoid rings

,

use arc Chype/ descent results
of Bhatt-Mathew

to reduce to the case of TIV,
El

V : perfectoid valuation rings ↑

I


