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51
. Backgrounds for perfectoid rings

5 2. Results for perfectoid towers
.
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· A : a perfectoid ring

EWEA with PEA s

DA is to-adically complete.

2A Ap

-
3 Actor E)Act

U>P

·Flin (Ax Erb A Er ...) : tilt of A

Prop1 .

1 & B : = /
Actor is perfectuid .

2 (A) red is perfect loid).
3 A > B

W
W

FiredPc) red
is a cartesian diagram of rings.

Cor 1
.
2 A is reduced

.
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· [Rilizo = (R = Ro+ R ,+ R2+-)
: a perfectoid tower arising from (R, 4).

# EWER
, with PR ,

= CPR
, sit. tiz0def &

& Ri is pradically complete
2 Rite Frob

, Ritty
P

↑IRin Rip
3 0 . (Rilptor = (0)
& Fi induces a bij

(Ri+1) contor Es (Ri)potor
.

·Reli (RyFiR
: ith small tilt.
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. 10 4p4(p[p#]4[p[p]a ...

S

FFpIT] 4 EpKTE]4pITE] 4 ...

A similar construction works for

complete local logf regular rings.

2 A
id
> Aid> Aid ... (A : perfectric ring)
3

As id , As id , Abid ...

3 Ea construction from Frobenius lifts
.

(Ishizuka
, Ishin-Shimomoto) A PA

↓ a v

#/p= /p
e

. g . R = [p[D,Y]

⑤ (Px,PY)

RS.b
= Fp[T,

x
,%]
(Tx ,+y) P

,
T

-

More generally, for a simplicial apx. W,
y

P-SRring
R= 446]=ids)"10

. Strahan& writ
. P

,T
,

:"

, id

RS= Fp14] : Stunley-Reisner ring



Thm 2
.

2 (H)

d [Si := Ri
(i) otolizo is a perfectoid tower.

2 ((Rip) red lizo is a perfectloid) tower
.

i
.
e., [E := (R/pred (5)4 ...]

3 Ri > Si

W

(*: plred > (SYplred
is a cartesian diagram of rings (i = 0).

Cor 2
.

3 Ri is reduced for i= 0
.

Ex 2
.

4 [[x,Y]
(Px, py)

-> 44

P.
b

- ↓
FpE ,y]- 1x

Fact 2
.

5 Epset st R*b E > Rypsb
Moreover

, prbENID(RP) ES PENID(R)
·



Cor 2
.

6 Assume R is a Noetherian local ring) so is Rb)
& dim R = dim RS.

b

2 D= P
, 72 ,

:

,
)n <R

T
+(54= psb

,
ySb

, ...,7 CRS3

# k
.
(p ;R)=K

. (DCS3 ; RSS) in D(Ab)
3 depth R = depth Rss
4 R is2MES Rsh is 2M

.

Cor2
.

" 4 : simplicial <pX .

TFAE

DXp[b] is IM
2 #p[s] is IM

.

3 Fg(lFiFp) = 0 forFEL G din lesF

(Reisner's criterion)
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26 4

4 := Rp=

5

I 2

Then 3

F
, (RP2) = /27)

and #p(6] is (not &M (P= 2)

(P= 2)
: [p[A] is Il


