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Fix a prime number P

51 . Backgrounds
A : perfectoid ring

Prop 1
.

1 A is reduced

·: Casel : A) #p.
Then A is perfectuid
=> A is perfect ES 4 : A + A is bij.

def N U

x+ xP

# A is reduced ES Y is inj
Case 2 : A is p-tursion free ES PENID(A)

Then A is perfectoid
= ECOE A with PECAPA
& A is tradically complete.
③ AAF > META

U N
/ > xP
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Case 3 : The general case
Reduce to Ease 1 & 2 by the following

Propl . 2 DB :=
*

/Apator is perfectoid .
2 It palred is a perfectpraly .

3A-> B

W

(Apalred)(B/pis)red
is a cartesian diagram of rings.



52
.
Main results

[Rilizo = (Ro(R
,
>x) :

a perfectoid tower

arising from (R, Io).

Thm2
.

1 (H .
)

DIS := Ri
(i)Fotonhiso is a perfected tower .

2 <(R :FoRi realize is a perfect tower.
3Ri-> Si

W
~

(RFoRi)red >Sos)red
is a cartesian diagram of rings.

Cor 2
.

2 Suppose :zo, Ri : Io-adically separated .
(eg
.
Ri : Noetherian)

Then F1z0
& Ri + Rit is inj.
2 Ri is reduced.



Cor2
.

3 Fix 120 ,

and assume Ri : Noetherian local
.

& dimR= dimR
2 D2= T

,"in < Rist
.
FoRi= (4)

M

V

D(3. b=7)
,
..,R>b

1) K
.
(D ;Ri) EK

.
(DCSb ;RS3) in D(Ab)

.

3 depth Ri = depthRS
4 Ri is Zohen-MacaulayE) So is R

Ex 2
.
4 (Stanley-Reisner rings)

3

26 4

:
5

I 2

The standard minimal

3 triangulation of RIP?



[p[7,23
,
74
,75,76]R =

(
↑ x2X3

, 72272374
,

(
↑ 7275

, 727474
,

↑ (27
, 7272574

,

P((p725
, 7233qy

,

P7247(6
, 723745726

-> R admits a perfectoid tower

(Ishirs-Shimomoto25)

RS3 = Fp(XT =
Fp[3 ,72,23, 34,75, 74])

(
747273

, 722723744
,

(
74, 722745

, 727474
,

727276
, 7272774

,(
, 7 (pi25

, 73qRy
,

<C
, 7247(6

, 72374726

By Reisner's criterion
,

RSS is & Zhen-Macaulay (PF2)
not Il (P=2)

: R is Il


