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51 . Perfectoid rings/towers
.

52. Our results.

Fix a prime number
P.

Ring = commutative with 1.



$1
.

Def 1
.

1 (Bhatt-Morrow-Scholze 119)
A : p-torsion free ring
A is perfectoid

E ECOE A with PELOPA s
.t
.def

D A is t-adically complete.
2 >APA

U13xP

Ex1
.

2 D OK is perfected ,
1

where K = Kp , Rp(3po
2 Ro :=URn , Rn:[p
1) RoP is perfectuid

.
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Rn
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Def 1 .4 (Ishiro-Nakazato- Shimomoto '25)
[RnInzo = (Ro -> R , > R2+ - .) : inductive system of

U
PE Is : principal ideal p-torsion free rings .

& Rulnzo is a perfectoid tower arising from (Ro
,Fo)

E & Ru is Ioradically Zariskian
t
n20

def
i
.
e
., IoRn (tm <Ri

--

maximal
2 El

, CR1: principal ideal St. IP= FoR ,
Ruth

FoRnt

9 RutYRna
and A

S (tn20)
R
~ E

> Renn+1
E[Rn E

> FoRn

- -

Prop1 . 5 Ro := luRn is a perfectric ring.-

420



Ex1
.

6 & A : perfectoid ring
ich ich id

# A-> A > A s ...

is a perfectoid tower arising from (A , COP)·
2 A complete regular local ring of residue char. ↑
admits a perfectoid tower .

e .g ., R := W(es)[T,"Xd] (te : perfect field of char
. P)

# R4R(p,4R(py....,] -.
is a perfectoid tower arising from (R ,P).

Problem How does one construct perfectoid towers ?

D (Ishizuka26)
19

E
a construction from certain prisms.

2 (H . 126) Fiber products
,

Etale base change

Today : a construction from ramification theory



5 2. We work in the setting of Faltings :

R :=W(k)(xy"
,xd]

Rn := W(ts) [pin
,
x , ,x] (n = 0)

RSS : finite ext. of normal local domains

s
.
t
. R(f]4S[F] is etale.

Sn := the int. closure of Rn in (RuxS)[+]

Thm2
.

1 (Fultings88)
En := (pn) -> Speckn : lying over 4
& Su

,/Ruc
= (pOn) EOERso

↑
discriminant

& lin En = 0
.

u+1

2 por· Zok(RnSn+ Sn+ 1) = 0.



Thm 2
.

2 (Andreatta'06)
EEE (0 , 1)nD
EN 10 st

. D PEERN
2 EnIN

, Supa > Entype
A

Y
=>

Sn/pa

Thm 2
.

3 (H
.-Ishin-Shimomoto'26)

After replacing N by a larger one,
(Sulnew is a perfectoid tower arising from (Sv , P2) .

Rem 2
.
4 Fultings proved D Yo : perfectoid

② Rot So is almostetale
Scholze

, Kedlaya Liu generalized to

every perfectoid rings (The almost purity theorem)

Future work. Formulate & for [SuhnzN.
· Generalize do & to every perfectoid towers,


