
11 - 717 Then 32ninAl=> 112

# L (FED1)

5 1. Perfectoid towers

52 . Applications

(53 . My recent works)

Fix a prime number
P.

Perfectoid theory (Scholze 12) :

tilting
mixed char

.

(0, P) mus char. P

*
p<(p(pF] < ... <(p[pFi] < ... < Ep[poy1

3 perfectuid ↳
perfectoid

towers rings

#pCTD <#p(TF] < ... C #ITD C ... c FLT]



51
.
Perfectoid towers

Def ((INS25
,

Thm 3
. 50])

A
ring A is perfectoid

= Ee A sit.
def
D PECOPA and A is tradically complete.
② Frob. on Apa inducesE >YPA
③ A/GOT- ALL0] ;+ is bij

= <x & A En>0 st.y = 07
Ex An #p-alg · A is perfectoid
=> A is perfect (i.e.,

4 : A+ A ; <HYP is bij)
Obs R : Fp-alg, domain

Creduced
,
more generally)

R= (eFracR)er) (fizo)
d Ro :=UR is perfect loid

2 RisRit
↑r



Def (Ishiro-Nakazato - Shimomoto [INS25
,
Def 3

.21)
A perfectoid tower is
· [Rilizo= (RotocR

,
> ... ) : an inductive

· Io CRo : ideal
.

system of rings

st
. (a) PEIo

.

(b) (c)(d) Fi20
Rity,Ritit

A

=
Fi

ut ,
↓ RYoRi

(e) Vizo
,

Ri is Isadically complete. (for simplicity)
(f) Is : principal , and
·El

, CR,: principal ideal St.
IP= loR , and Fiz0

,
Fi induces

Ri+ 1

Frit
i

E
> RoRi

.

(g) :z0
, Ri[I8] = Ri[to] and
Ri+ I [10]↳ Ri+ 1

-> RitYIo Rith
Ei A

~ Fi

Ri[Io] 4 Ri - RYoRi



Ex DIRibizo is a perfectoid tower with Io= (0)

="RilizoE(Rhizo for ER : reduced #-alg .

perfect tower

2 <p < (p[pt] <<p[piz] < ...

U Y

(P) (PE) is a perfectoid tower.
A similar construction also works for :

· complete regular local rings
(e .g ., W(t) (>(2; ;Xd]

,

te : perfect field >#p)
· complete local log-regular rings
(e .g .,

W(k) [x,y ,z]
(xy - Pz) (

They are included by the construction of Ishizuka
.

(AG7 Frobenius lift) (Ish24]



In what follows,

& Rilizo
, Io) : perfectoid tower

Def
Dr Fethi (RpFMiny

: ith small tilt

② I F Ker (R Pro
> Roy to

Thm ([INS25
,

Thm 3
.

35 (2)
,
Lem3

.

39
, Prop 3 .42(21])

de Rsb (183] RicyT
E A

~
Ri [Fo] > RYoRi

2 (Rhizo
,
Is) is a perfectoid tower.

3 Ri : Noetherian ESR : Noetherian



5 2 . Applications

↓ (Ishiro-Nakazato- Shimomoto'25)
A finiteness thm

. on the divisor class group
of loca log-regular rings.
Thm (CINS25

,
Thm4

. 13])
R : local log-regular ring of mixed char . (0

, 4)

2l(R) : the divisor class
gp.

IfEst is locally factorial,
(RS2 : the strict henselization)

then #I(RI[e] < 10 fo & + P
*
n> 0

.

2 (Ishir-Shimomoto25)
A connection with him Cohen-Macaulay sequences

(Serve's positivity conj on multiplicities)
Thm ([IS25

,
Thm3

. 19])
R: Noeth

.
local domain of mixed char. (0, P) Fiz0.

#) &Rilizo : him Zohen-Macaulay Seg . /R
.



3 (Ishiro-Shimamoto25)
A thm

.

on the deformation of perfectoid purity .

(To be updated in [IS25])

Zonj (R ,m) : complete Govenstein local ring
of mixed char

.
(0, P)

.

R/pR : F-
pure domain E) R : perfectoid pure ?

Thm Zoj is true if :

· R/m : F-finite

· ER = Ro-R ,
+ ...: a perfectoid tower

U

Is S
.
t

.
R is Itorsion free

·

(e .z .,
R is (Gor

.) log-regular)
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53 . My recent works.
Thm

Si := Riy
Ri[to] 3Fi := (RYori) red form perfectoid towers

.

5 :=Esired
Moreover

,
Ri > Si

is a cartesian
↓

Ei > diagram of rings.

Zor Dti : Ri - Ritt is injo
2 Ri is reduced.

3 D =X
,

:,n C Ro
,
Fo = (4)·

↑

x33= x)....,RS
#K(DiRi)EK(x53 ; R3) in D (Ab)

.

4 Ri : Noetherian local

#) dimRi = dimR& depth Ri = depth Rsb
.: Ri is Zohen-Macaulay#G so is R


